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1 Introduction

In these notes we describe an implementation of numerical stochastic perturbation theory for
the pure SU(N) Yang-Mills theory based on the Langevin equation [1,2,3,4,5]. In particular,
some specific integrator and the necessary gauge damping are discussed in detail. The
presentation closely follows the one of ref. [6], to which we refer to, as well as to ref. [7], for
the definition of the lattice set-up and unexplained notation.

2 Langevin equation

2.1 Case without gauge damping
2.1.1 Definition

The pure SU(N) Yang-Mills theory on the lattice is defined in terms of the link variables
U(z, ) € SU(N). The Langevin equation,

O U, 1) = [~wz,u(95,,56) (U T + e, 1) Ut (2, 1), (2.1)

(i@, m) =0, (2, W0y, v)) = 205,086 (t = 5)day, (2.2)

then determines the trajectory in field space, Uy (z, i), along the stochastic time ¢, given some
initial value for the gauge field at a given time (say t = 0). In these equations, n(z, u) =
i (z, )T is a Gaussian random noise field, while 95 ,Sc(U;) denotes the derivative of the
gauge action S with respect to the link variable Ui(z, u) in the direction of the SU(N)
generator 7'*. Note in particular that a weight factor w, , is included. The latter depends
on the chosen boundary conditions. Specifically, for SF boundary conditions this reads,

0, ifzg=0and u>0,
W = o = Band p (2.3)
1, otherwise,
while for open-SF boundary conditions,
2, ifxg=0and >0,
Wy, = o = Hand p (2.4)
1, otherwise.



This weight factor ensures that the Langevin equation is diagonal in momentum space at
leading order in the coupling [6] (see also Appendix A). As we shall see shortly, however, it
does not modify the equilibrium distribution of the stochastic process under consideration,
but rather influences the approach to it. Before presenting this result, we also note that in
order to obtain a consistent perturbative expansion of the Langevin equation, one needs to
rescale the stochastic time as ¢t — tg2 in (2.1) and (2.2). As a result one can consider instead
of (2.1) the equation,

O U(z, 1) = [~ 95w, (05 ,,Sc) (U)T® + gome(, )] Us(z, p), (2.5)

while leaving (2.2) unchanged.

2.1.2  Equilibrium distribution

Following the steps of [8,9], it is easy to derive the Fokker-Planck (FP) equation associated
to the Langevin equation (2.5). The result is given by,

8tPt Z gowz u (aa SG)( ) + (9;1#] Pt(U)7 (26)

T, u,a

where P,(U) is the probability distribution of the gauge field U at time ¢. In particular,
the equilibrium distribution, P(U), corresponds to a fixed point of the FP equation and
satisfies,

Y Gowe 05, [(05 ,56)(U) + 07 ] P(U) = 0. (2.7)

T, 1,
Clearly, a solution to this equation is,
P(U) x e~ 56U, (2.8)

As anticipated, the boundary weight factor does not influence the equilibrium distribution.
(The same is trivially true of course for the rescaling of the stochastic time.) This freedom in
defining the Langevin equation is in fact a well known feature of the dynamics (see e.g. [10]).
2.2 Case with gauge damping

2.2.1 Definition

In a numerical implementation of stochastic perturbation theory, the introduction of a gauge
damping is necessary in order to stabilize the simulations. This can be obtained by consid-
ering a time dependent gauge transformation of the fields,

Us(w, 1) = Ae(@)Us(z, )Nz + )70 me(, 1) = Ae(@)me(, p)Ae () (2.9)

Note that in order to be consistent with the boundary conditions the gauge transformation
needs to satisfy the conditions,

A(@)|wer =1, Ag(z+ kL) = A(x), (2.10)



in the case of open-SF boundary conditions, and additionally,

Okhe(2)|zgmo =0, k=1,23, (2.11)
if SF boundary conditions are chosen. By convention we also set

At(2)]t=0 = 1. (2.12)

Taking into account the Langevin equation (2.5), it is then easy to show that the gauge
transformed fields satisfy the modified equation,

OU(w, p) = [=g5wa u (95 ,5a) (U)T* = goV uwi(x) + gome (z, )| Ui (, ), (2.13)

where,
(@) = glatAt(x)At(x)—l € su(N), (2.14)
0

and where we introduced the gauge covariant derivative,
Vuwi(2) = Up(x, pw(z + @)Us(z, 1) ™ = wi(2). (2.15)

The defining equations for the noise (2.2), instead, are unchanged.
Given the modified Langevin equation a damping of the longitudinal modes of the gauge
field can be obtained by choosing [6] (see also Appendix A),

3
wi(z) = —Xo Z 0, Ci(x, ), (2.16)

pn=0
and
1 3
w(z) = —)\0{(1 —20/T) 573 > Cily,0)+ > 95Cu(x, u)}7 (2.17)
y pu=0
for open-SF and SF boundary conditions, respectively. In these equations,

1

i) = 5= { Udni) = Uil 0™ = Fpen[O0lanp) = ViG] . (2.18)

takes values in su(N) and,

2C4(z,0), for open-SF be,

(2.19)
0, for SF bec,

9 Ci(,0)[zg=0 = {

by convention.



2.2.2  FEquilibrium distribution
The FP equation associated to the modified Langevin equation (2.13) reads (cf. eq. (2.6)),

OP(U) = > 0, [90wau(0%,,56)(U) + go(Vuwi(2))* + gows 08 ) Pi(U).  (2.20)

Z,H,a

In this case the equilibrium distribution cannot be expressed as an exponential of an action,
except at the lowest order of perturbation theory. This distribution can, however, be worked
out order by order in perturbation theory following the lines of [11,9]. In this section we focus
on the lowest order result in the coupling. For simplicity we take for Sg the Wilson-plaquette
action. The results of the section trivially extend to the improved actions considered in [6].

At this order in perturbation theory the Langevin equation (2.13) can be written as [6],

OrAL(t,x) = {0,050 + (Ao — 1)0,0; } A, (t, )

T-1
A Z Z
yo=0 y

where the second term on the right hand side of the equation is absent in the case of open-
SF boundary conditions. Note that the action of the derivatives near the boundaries of the
lattice is defined by extending the fields beyond the range 0 < zy < T', and by using their
Fourier representation to define the values of the fields outside this range [6].

Having this noticed, the FP equation corresponding to (2.21) reads,

o) = Y sl - 0, - o233

x,u,a
+6 L§2Aa()+w 0 Pi(A), (2.22)
HOTSLS £ £ oW e s da gy fT
p

where 0/0Af(x) stands for the derivative with respect to the Af(x) component of the gauge
potential, while the field strength tensor is defined as,

Fo (@) = 8,4, (2) — 8, A,(z), (2.23)

with 9, being the forward-lattice derivative.
The above equation can be recast into the form,

55c(A)  6Su(A) 6
OP(A) = 3 w”””‘(SAa {M%(@ * 5A£(x) + 6A/‘j(x)}P «(4), (2:24)

T,1,a

where for both SF and open-SF boundary conditions S (A) is the gauge action given by [6],

= 22{ Z Fgy (@) + Z,é[FIgl(x)]Q}a (2.25)

o= 0 o =0

where the primed summation symbol indicates that the terms at zg = 0 and 2y = T are
given a weight of 1/2.



The second contribution on the right hand side of (2.24) is expressed, instead, in terms
of the gauge fixing action,

Ser(A) = $Xo(0A,0A). (2.26)

The definition of the scalar product (-,-), and of the operator 0 : su(N) — su(N) depends
on the boundary conditions. We refer to Section 4 of [6] for the details.

In conclusion, given our choice of gauge damping function, at the lowest order in the
coupling the equilibrium theory for the modified Langevin equation (2.13) corresponds to
the gauge fixed theory defined in [6], i.e.,

P(A) x e with S =Sg+ Syt (2.27)
Equivalently, this can be seen by a direct computation of the basic two-point functions of
the gauge potential using the Langevin equation (see Appendix A).

3 Discrete integrators
As presented in the previous subsections, the Langevin equation that needs to be solved is,

O U(w, 1) = [ Fou(Ur) + gome (@, 1)|Us (@, ), (3.1)
where for later convenience we introduced the drift force,

Fo(Ur) = gowe (05 ,56)(U)T® + goV uwi (). (3.2)

This equation can be solved by first discretizing the stochastic time as t = ne, n € N, where
€ is the step-size. Then, a given integration scheme is chosen such that the correct equation
is recovered for € — 0. In the following we present two possible integration schemes which
satisfy this requirement.

3.1 Euler scheme

Given some initial field configuration U;—o(z, ), the Euler scheme is defined by the iteration
of the elementary step,

Urpe(w, p) = e” 01U (a, ), (3:3)
where the force field fi(x, u) € su(N) is defined as,

Fols 1) = €Fuu(Us) + vVegom: (), (3.4)
and the noise field is normalized such as,

(0, )18 (Y5 1)) = 200 68,1560y (3.5)

(Note in particular that the sign of the noise in (3.4) can be chosen at wish.) It is easy to
show that this integration scheme introduces errors of O(e) in expectation values of generic
observables. These need to be extrapolated away by taking the limit ¢ — 0 [12,13].



3.2 Runge-Kutta scheme

Runge-Kutta schemes allow to reduce discretization errors in the integration of the Langevin
equation. On the other hand, so far, only second order integrators have been derived for
Yang-Mills theories [12,13,14]. Through these integrators the Langevin equation is solved
up to O(e?) corrections. Specifically, the algorithm we consider is the one proposed in [14],
which in the present case is defined by the elementary step,

Uspe(w, p) = e "0 U, (, ), (3.6)
with,

- 5—3v2 ~

ft(wv M) = (1 + CAIZEngm,;L> EFm,u(UtJre) + \/2907%(1'7 M) (37)

Here C4 is the Casimir invariant of the adjoint representation (for SU(N) thus C4 = N).
The drift force F, ,(Usye) is computed in terms of the tentative update,

ﬁt-‘re (.13, /J/) = e_ft(r#L) Ut (.13, M)? (38)

where fi(x, p) is given by

3—-2V2 2-+2

il ) = 222 e () + 25 Vegom (o), (39)

with 7 (x, 1) being the same noise field that appears in (3.7).

Remark: The inclusion of the gauge damping in the Langevin evolution can alternatively
be accounted for in the following way. Let

Ie(t) : Ut — Ut+5, (310)
be a single step of a discrete integrator which solves for € — 0 the original Langevin equation,
OU (2, 1) = [~ 95w ,u (05 ,56) (U) T + gome(x, 10)|Us (2, ). (3.11)

This can be for example the Euler scheme (3.3) or the Runge-Kutta scheme (3.6), given the
substitution,

Fop(Up) = Fpy(Ur) = gowe, (05 ,5a) (U T, (3.12)
and analogously for FLN((ZH). We then define the gauge rotation,
Ge(t) : Upla,p) — e 99t @ Uy (z, ) e owe(@+i) (3.13)

where w(z) is given by (2.16) or (2.17) depending on whether open-SF or SF boundary
conditions are considered. The complete update cycle from ¢ to ¢ + € which implements the
gauge-damped Langevin equation (2.13) is now simply obtained by the application of the
integrator Z.(¢) followed by the gauge rotation G.(t + ¢€).



A Gluon propagator in stochastic perturbation theory

A.1 Definitions

In this appendix we want to compute the basic two-point functions of the gauge potential
at the lowest order in perturbation theory for the equilibrium theory corresponding to the
modified Langevin equation (2.13). To this end, we recall the result for the lowest order
Langevin equation when Sg is taken to be the Wilson-plaquette action [6],

O ALt ) = {0,0,0, + (Ao — 1)0,0, } Ay (¢, )+

A T-1
- 6MOT37_%3 Z ZAO(ta Z/) + nu(t7x) + O(QO)a (Al)
yo=0 y
where,
<77z(tv x)) = 07 <77,Uf(ta x)ﬁg(& y)> = 2w$7#5a65#1/5(t - 5)5:6?; (AQ)

We also remind the reader that the second term on the r.h.s. of the equation (A.1) is not
present if open-SF boundary conditions are considered, and that the derivatives close to
the boundaries of the lattice are defined through the Fourier representation of the fields.
In particular, using the Fourier representation introduced in [6], in momentum space the
Langevin equation (A.1) assumes the simple diagonal form [6],

~ R o - Ao~ B
atA,u(tap) = 7{p25/_w + (/\0 - 1)pupu}Av(t,p) - 5}705#01—%140@7 0) + nu(tvp)' (A3)

Here the Fourier transform of the noise field 1, (¢, z) is analogously defined to the one of the
gauge potential A, (t,x). Specifically, this means that for SF boundary conditions we have,

2 / ipx ~
Mo(t) = 5 cos(poo + Spo)e ™ o(t, p), (A.4)
p

0, (A.5)

2i . ; o -
77k<t71’) = ﬁz Sln(p0$0)elpx+2pk nk(t?p)a nk(t7p)’p0:0 =
p

where the momenta ranges in the sums and related definitions can be found in Section 3
of [6]. This implies for the momentum components the representation,

T-1
7o(t,p) = Z ZCOS(PMO + gpo)e” PXp(t, ), (A.6)
x():O X
-1 . i
ﬁk(tap) =—1 Z ZSin(pOIO)e_sz_ipk nk(tax)a nk(tax)|$0:07T = 0. (A7)
ro=1 x

Given these definitions, it is easy to work out the corresponding expectation values (A.2)
for the momentum components of the noise field. In particular, for the case of SF boundary
conditions, the only non-vanishing two-point functions are given by,

(76 (t.0) 716 (5, @) = T'L® 6°°8(t — 5)8pg(1 + Gpo0), (A.8)
{71k (8, 0) Tk (5, 9)) = TL* 8°°8(t — 8)0pq(1 = Gpqo).- (A.9)



For the case of open-SF boundary conditions the Fourier representation of the noise field is
given by,

2i : 1PpX =
mo(t, ) = ﬁz sin(pozo + 3po)eP 7o (t, ), (A.10)
p
2 ipX i :
Me(t, ) = ﬁz cos(poao)e P 2P iy (, p), (A11)
p

where again the momenta ranges in the sums as well as related definitions can be found in
Section 3 of [6]. This implies the representation,

T-1
fo(t,p) = =i » > _sin(pozo + 3po)e” P mo(t, @), (A12)
3?():0 X
T . 7
(tp) = Y cos(powo)e PXT 2P (¢, @), (A.13)
zo=0 x

Given these definitions, in the case of open-SF boundary conditions the two-point functions
(A.2) for the momentum components of the noise field can collectively be expressed as,

(7 (t, p) 7 (5, ) = TL? 6°°6,,6(t — )6pq- (A.14)

A.2 Basic two-point functions

For any non-zero momentum p a solution of the Langevin equation is given by,
? e~ Mo (t=7)p*

B t e—(t—‘r)ﬁ . o L ~
A/_L(tvp) = A {]52(]925;”/ _p,upu) + ﬁqupu}nu(Tv p) dTv (A15)

where here and in the following we assume for simplicity the initial condition A#(O, p) =0.
The above equation can conveniently be rewritten as,

t
Au(t,p) :/0 {e" 7T, (p) + e P L, (p) Vil (7, p) dr, (A.16)

by introducing the orthogonal projectors,

Pubv Dubv
Tuu(p) = 6;“/ - /;32 ) L;ux(p) = 6ul/ - T}LV(p> =£=, (A17>

132

For p = 0, instead (and thus for SF boundary conditions), we have that the only non-
vanishing Fourier component of the field is,

t
AL(t,0) = d,0 / e~ o=/ T 50 (7 0) dr. (A.18)
0
Given the general solution of the Langevin equation we can now consider the basic two-point

functions of the theory. We will treat separately the case where the momentum of the gauge
potentials entering the two-point functions satisfies pg = 0 or pg # 0.



For any py # 0 (and thus in all cases with open-SF boundary conditions), a few lines
of algebra show that the equal-time two-point functions of the gauge potential are given by,

~ ~ 1 1 2 _ _ 2
<AZ(t7p)*Ag(t’ q)) = §TL35ab5pq2§ |:TNV(p) (1 —e P )+ o lLuu(p)(l — e 2ot ) .

(A.19)
In the limit ¢ — oo one thus recovers the known results for these correlators [6,15],
: Aa * Ab 1 3 sab 1 -1
Jim (AL ()" Ap (@) = S TL0"0pg o3| T (0) + Ag Ly () |
) ) . (A.20)
_ 3 cab -1 PuDv
= 5TL ) 5pq1¥ {(5,“, +(N - 1) o }

For all momenta with pg = 0, given the relations (A.8) and (A.9), one immediately concludes
that,

(A (t.p)" A (t,@)lpomo = 0, if 1 # 0 o1 v £ 0. (A.21)

This noticed, the case where py = 0 but px # 0 for some k = 1,2, 3, is analogous to what
discussed above and one has that,

1

i (A (4)" A5 00, g = TL 0. (A.22)
For p = 0, instead, it is easy to show that,

(A(t,0)* A5(t,0)) = TLP6N T2 (1 — e~ 2ot/ T7), (A.23)
and thus,

Jim (A&(t,0)* Ab(t,0)) = TL36% N\, ' T2 (A.24)

In conclusion, we could explicitly show that at the lowest order in the coupling, the results
for the equilibrium theory associated to the modified Langevin equation (2.13) correspond
to those of the gauge fixed theory defined in [6].
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