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Topological fields

Pure gauge theory on R", gauge group G

A gauge-invariant local field q(x) is called topological if

/d”:{: oq(x) =0

for all variations  Af (x) with compact support

A trivial case is

q = 0,k,, k,, : local, gauge-invariant



The Chern monomials

- al...am al aAm
9= Cﬂl---ﬂ@mt me T F#zm—1u2m

Cuy...po,, - totally anti-symmetric

t41--9m . Glinvariant, totally symmetric

are examples of non-trivial topological fields

Cohomology problem:

“Find a complete basis of topological fields ¢ modulo 0,,k,, terms”



In the continuum theory we have

Theorem

Any topological field q that is a polynomial in the gauge potential
and its derivatives is of the form

q=c—+0,k,

where c is a Chern polynomial and k,, a gauge-invariant local current

Brandt, Dragon & Kreuzer '89
Dubois-Violette et al. '91

e Can be shown using the descent equations

e or, more directly, the Poincaré lemma



Reduction to the abelian case

Define ¢ through

AS —tAL = g=t"q+ O(t" )

* ¢ Is a homogeneous polynomial of degree v

*x that iIs invariant under

A, — gAug_1 and A, — A, + 0w

(= linearized gauge transformations)

x and which is topological, i.e. [d"xzd¢ =0

It suffices to show that any such field is of the form &+ 9.k,



The abelian case may be solved using the fact that

df =0 = f=dg+cdzx;...dx,
1

constant

for differential forms on R"™, which is the classical Poincaré lemma




Lattice gauge theory (mini-intro)

Replace space-time by a 4—dimensional
hypercubic lattice

Fermion field

Y(x), = =a(ng,ni,n3,ng), ny,€Z

~

T/a 4 ‘
$(z) = / %ewwm

—7/a

= momentum cutoff |p,| < 7/a
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Difference operators
Op(x) = {(z +ap) —Y(2)} /a

Opth(x) = {(x) — (w—aﬁTL)}/a

unit vector in direction u
Wilson—Dirac operator

Dy, = %{”Vu(@;lz +0u) — a@jﬁﬂ}

= 1Y, Py + 1a]52 (in momentum space)

P, = (1/a)sin(ap,), P, = (2/a)sin(ap,/2)



Gauge-covariant difference operator
V() = {R[U(z. )] ob( + aji) — ()} /a

U(x,un) € G (the lattice gauge field)

X x+all
t——
Uz, p) — Ma)U(z, p)A(z + app) ™

In the classical continuum limit

U(z,u) =1+ aA,(x)+ O(a”)

= V,=D,+ 0O(a)



Discretization of the Yang—Mills action

Xy
Ug =1+ a’F,,(x) + O(a®) ‘
Xy

1

_ 221«{ Us — D) (Un — 1)} ZZRetr{l—Ug}

Euclidean correlation functions (Wilson loops etc.)

©)=3

~ ﬁeldSD[U]O[U]e_S[U], DU = | [ dU(x, )

L, T

Wilson '74 (F-invariant measure



Local fields ¢(x) on the lattice are

* smooth functions of the field variables at y = x 4+ O(a)

*x that transform like a scalar field under translations

such as

Retr{l — Un}, @vauvu% @Ta%ﬂ%

l[exponential localization with a range of O(a) may be allowed]
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Topology in lattice gauge theory

The absence of continuity in space implies

e |attice gauge fields are homotopic to U =1

e there are no non-trivial topological fields

Topology is recovered if e
@?|E, | = |1 - Ul < e

for some fixed sufficiently small €

Can be imposed using a modified action

M.L. '98, Fukaya & Onogi '03
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A gauge-invariant local field ¢ is topological if ’—‘1 1
:1 1 -
Z dq(z) =0

for all variations 6U (x, 1) of the gauge field with bounded support

Note: it suffices to define ¢ for all fields U satisfying |1 — Ug|| < €

Cohomology problem
Find all topological fields up to derivative terms O}k,

(where k,, is any gauge-invariant local current)



U(1) theory

Field tensor
Xv
. 2
Up = '@ tur, a*F,,| <7 ‘
X
X u
This is a gauge-invariant smooth local field since Ug = —1 is

excluded by the constraint |1 — Up| < ¢

The general Chern polynomial
c(x) =a+ BuwFu () + Yuvpo Fun () Foo(z + afi +av) + . ..

Is an example of a topological field
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Assume now that € < %7‘(‘. Then we have

Theorem

Any topological field q is of the form
q=c+ 05k,

where c is a Chern polynomial and k,, a gauge-invariant local current

M.L. '98, Fujiwara, Suzuki, Wu '99, Suzuki '00

Proof follows the one in the continuum theory, with some
complications (field space, Leibniz rule)
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Sketch of the proof

2d lattice, setting a = 1 and U(x, u) = (@) for simplicity

o) =aty, / a () o 0

-~

jﬂ(x,y)
The following properties hold

* ju(x,y) is local & gauge-invariant

* > julx,y) =0 [since q is topological]

= ju(az,y)gﬁ = (0 [since ¢ is gauge-invariant]
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The last equation implies

Ju(z,y) = ¢(z,y) Oe

%

where

e ¢(x,y) is local & gauge invariant

N

o q(x) = a+353, (@, y)eu Fuu(y) ‘

e > ¢&(x,y) = constant = 203

So if we set 0(x,y) = ¢(x,y) — 2304y we have ) 0O(z,y) =0 and

Q(x) = ﬁE,LU/F,LLV(x) =+ %Zy@(x, y)e,uz/F,ul/(y)
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The last term is a divergence term since
O(z,y) =bo(z,y) + 01(z,y),  61(2,Y) = Oagy2_-,0(%, ¥)|21=2,
2 wfo(@,y) = 2 5 01(z,y) =0
= Oo(z,y) = Bho(z,y),  Oi(z,y) = OThi(z,y)
We have thus shown that
1(2) = o+ By Fyu () + k()

ku(z) = %Z hiu(@, y)evpFup(y) QED
Y
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SU(n) gauge theories

The cohomology problem is much harder in this case!

Reduction to the abelian case?
SU(n) — U(1) x ... x U(1) (diagonal subgroup)
q = ¢+ 0}k, on the subspace of all these fields

Presumably the cohomology classes are labelled by the
associated abelian Chern monomials ¢

Suzuki '00, M.L. '00, Igarashi, Okuyama & Suzuki '02
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Explicit constructions of topological fields

*x Geometric constructions

e Principal bundles «<— cohomology classes

e Characterized by transition functions

e Obtain these using smooth interpolation

M.L. '82, Phillips & Stone '86,'90

* Via the axial anomaly & the Ginsparg—Wilson relation

Hasenfratz, Laliena & Niedermayer '98
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