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Banks–Casher relation

The chiral condensate in QCD is given by

Σ = lim
m→0

lim
V→∞

〈ūu〉 = πρ(0, 0)

where ρ(λ,m) is the spectral density of the Dirac operator

Banks & Casher ’80

On the lattice

• the relation remains valid if chiral symmetry
is preserved

• may in principle be used to compute the condensate
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How about Wilson quarks?

Spectrum of the hermitian Wilson–Dirac operator γ5Dm on a 48× 243 lattice
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M.L. ’07 [JHEP 0707 (2007) 081]
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Renormalization of spectral observables

First consider the continuum theory

Dmψ = (m+ iλ)ψ

Dm
†Dmψ = αψ, α = m2 + λ2

Average no of eigenstates of Dm
†Dm with α ≤M2

ν(M,m) = V

∫ Λ

−Λ
dλ ρ(λ,m), M2 = m2 + Λ2

Is this a renormalizable quantity?

Del Debbio, Giusti, M.L., Petronzio & Tantalo ’06
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Consider the spectral sums

σk(µ,m) =
〈
Tr

{(
Dm

†Dm + µ2
)−k}〉

=
∫ ∞

0
dM ν(M,m)

2kM

(M2 + µ2)k+1

? Well-defined if µ2 > 0 and k ≥ 3

? For fixed k, the relation ν(M,m) ↔ σk(µ,m)
is invertible

? It is therefore sufficient to understand the
renormalization of σk(µ,m)
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Note that

(Dm
†Dm + µ2)−1

is the square of the quark propagator in tmQCD

⇒ introduce N doublets of twisted-mass valence quarks

Sval =
∫

d4x

N∑
n=1

ψn(x)(Dm + iµγ5τ
3)ψn(x)

P±ij = ψiγ5τ
±ψj

σ3(µ,m) = −
∫

d4x1 . . .d4x6×〈
P+

12(x1)P−23(x2)P+
34(x3)P−45(x4)P+

56(x5)P−61(x6)
〉

P−

P+

P+

P+P−

P−
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The partially quenched theory is renormalized through

mR = Z−1
P m, µR = Z−1

P µ, (P±ij )R = ZPP
±
ij

Short-distance singularities

P+
ij (x)P−jk(y) ∼

x→y
|x− y|−3S+−

ik (y)

are integrable and the total degree of divergence is negative if k ≥ 3

Renormalized spectral sums and mode number

Z2k
P σk(ZPµR, ZPmR) = Z−2

P

∫ ∞

0
dM ν(M,ZPmR)

2kM(
Z−2

P M2 + µ2
R

)k+1︸ ︷︷ ︸
M2

RνR(MR,mR) = ν(ZPMR, ZPmR)
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O(a)-improved Wilson theory

Consider the hermitian eigenproblem

Dm
†Dmψ = αψ

ν(M,mq) =
〈
No of eigenvectors with α ≤M2

〉
, mq = m0 −mc

Define spectral sums and introduce twisted-mass valence quarks

σk(µ,m) =
〈
Tr

{(
Dm

†Dm + µ2
)−k}〉

=
∫ ∞

0
dM ν(M,mq)

2kM

(M2 + µ2)k+1

σ3(µ,m) = −a24
∑

x1,...,x6

〈
P+

12(x1)P−23(x2) . . . P+
56(x5)P−61(x6)

〉
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O(a)-improvement & renormalization

mR = Zm(1 + bmamq)mq =
ZA(1 + bAamq)
ZP(1 + bPamq)

m, m: PCAC quark mass

µR = Zµ(1 + bµamq)µ

(P±ij )R = ZP(1 + bPamq)P±ij

⇒ renormalized spectral sums(
ZP

1 + bPamq

1 + bPPamq

)2k

σk(µ,mq) where µ = µ(µR,mR), . . .︸ ︷︷ ︸
short-distance correction
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Differentiating with respect to µ, it can be shown that

ZµZP = 1, bµ + bP − bPP = 0

ZP
1 + bPamq

1 + bPPamq
=

1
Zµ(1 + bµamq)

+ O(a2)

⇒ up to O(a2) terms, the renormalized mode number is given by

νR(MR,mR) = ν(M,mq) where MR = Zµ(1 + bµamq)M,

mR = Zm(1 + bmamq)mq

Note: bµ = − 1
2 − 0.11× g2

0 + . . . [Frezzotti, Weisz & Sint ’01]
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Chiral perturbation theory

In the continuum limit and for V →∞

ν(M,m) =

2
π

ΛΣV
{

1 +
M2

π

32π2F 2
π

[
3l̄6 + 3 ln

(mphys

Λ

)
+ 2 ln 2− π

2
m

Λ

]
+ . . .

}
,

(where M2 = m2 + Λ2)

Smilga & Stern ’93; Osborn, Toublan & Verbaarschot ’99; M.L. & L.G. ’08

• The 1-loop correction vanishes when m→ 0

• Expected to be fairly small (a few % perhaps) at

Mπ ≤ 300 MeV, Λ = 50− 100 MeV
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At small m and moderate Λ

Σeff(M,m) =
π

2
ν(M,m)

ΛV

should thus be a good approximation to Σ

NLO ChPT also suggests that the finite-volume effects

Σeff

Σeff |V =∞
− 1 ∼ e−

1
2
MΛL, M2

Λ =
Λ
m
M2

π

are negligible (a fraction of a percent) in the p-regime
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When ΛΣV is not very large, there could be important threshold effects
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40 eigenvalues
↓

Area = 41.8

mΣV
↓

Nf = 2, m > 0, Q = 0

Wilke, Guhr & Wettig ’97

⇒ Σeff underestimates Σ by 4.5% in this case

⇒ large lattices and (p+ ε)-regime ChPT
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How to count the low modes

Need a robust method that scales well with the lattice volume

PM = θ(M2 −Dm
†Dm) = projector to the low modes

O[U ] = Tr{PM}

ν(M,mq) = 〈O〉

? Relative statistical error scales like V −1/2

? However, reliably calculating O(V ) eigenvalues
may not be practical
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Stochastic method

η(x) : gaussian random spinor field, 〈(η, η)〉 = 12V

ν(M,mq) = 〈Ô〉, Ô[U, η] = (η, PMη)

var(Ô) = var(O) + ν(M,mq)

⇒ the relative error still scales like V −1/2

For the computation of

PMη = θ(M2 −Dm
†Dm)η

one may use a rational approximation to the θ-function
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Define:

X =
Dm

†Dm −M2

Dm
†Dm +M2

h(X) =
1
2
{
1−XP (X2)

}
where P (X2) = polynomial
approximation to (X2)−1/2

⇒ h(X)4 ' θ(M2−Dm
†Dm)

Note:

Shape is independent of V
⇒ total effort ∝ V
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Numerical studies

Using samples of 80 configurations of the CERN–TorVergata ensembles

Del Debbio, Giusti, M.L., Petronzio & Tantalo ’07-’08

Lattice parameters

64× 323 lattice, β = 5.3, csw = 1.90952, Nf = 2

a = 0.0784(10) fm, L = 2.51(3) fm

Renormalization factors

ZA = 0.75(1), Z−1
P = 1.84(3) (lattice → MS at 2 GeV)

Della Morte et al. [ALPHA Collab.] ’05
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ΛR mR MR νR(MR,mR) (Σeff)1/3

100 44.1(9) 109.3(4) 75.0(9)(16) 282(4)
25.3(6) 103.2(1) 68.3(9)(14) 273(4)
12.4(3) 100.8(1) 65.4(8)(14) 269(4)

70 44.1(9) 82.7(5) 46.8(7)(10) 271(4)
25.3(6) 74.4(2) 44.1(7)(9) 266(4)
12.4(3) 71.1(1) 42.3(6)(9) 262(4)

All masses are renormalized in the MS scheme at 2 GeV and are given in MeV

May be compared with the Nf = 2 JLQCD result

Σ1/3 = 251(7)(11) MeV Fukaya et al. ’07

extracted from the lowest eigenvalues of the Dirac operator in the ε-regime
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As usual there are

∗ finite-volume (including threshold) effects

∗ higher-order chiral corrections

∗ lattice-spacing effects

that must be studied and eventually “extrapolated away”

⇒ a larger range of lattices will need to be considered

ECT Trento, 5.–9. May 2008 Numerical studies 20/21



Conclusions

Spectral projectors provide a new opportunity to study the
chiral regime of QCD

? Chiral condensate

? Ward identities (→ ZA, ZS/ZP)

? Topological susceptibility, other low-energy constants, . . .

Theoretically clean, moderate effort, small statistical errors,
scales favourably

Matching with ChPT may require (ε+ p)-regime calculations
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