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Abstract

Notes on the introduction of Schrédinger functional boundary conditions into the
openQCD code.

1 Definitions

Schrédinger functional boundary conditions for the gauge link variables are defined by
(notation slightly different from Ref. [1])

U(z,k)|zo=0 = exp{aCk},  Cp= %diag(d)l, P2, P3) (1)
Ul )la-r = exp{aCi},  Cf = diag(6h, 65, 65), (2)

where we have assumed periodic spatial boundary conditions. The {¢;} and {¢}}
assume various values and therefore must be left as input parameters, subject to the
constraint

3 3
Y oi=> ¢i=0 (3)
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to ensure that the boundary fields are elements of the group.
For the quark fields we have

P_t(2)]ag=0 = Pyp()[zo=17 = 0 (4)
7/}(1' + L]%) - eiOkw(x)’ TE(‘I. + LI%) - @(x)eiwk? (5)

where Py = %(1 + 7). Typically, various values of the {0y} are also used. However,
due to the periodic spatial boundary conditions implemented in the current version of
the openQCD code, we shall restrict ourselves to the case 0 = 0 for the time being.
Sums over loops in the gauge action are restricted to those loops whose corners are in
the time interval [0, 7]. However, some clarification about the relation of the temporal
and spatial extents of the lattice is needed. In order to facilitate parallelization, typi-
cally an even number (perhaps even a power of two) of sites in both the spatial and tem-
poral directions is used. These extents are requested by specifying the local lattice sizes



via LO0,..,L.3 and the number of processors in each direction via NPROCO,..,NPROC3 such
that the total number of sites in each direction is (NO=LO*NPROCO),.., (N3=L3*NPROC3).

As discussed above, the values of the temporal links at ¢ = (NO — 1)a are set to
zero. The boundary conditions from Eq. 1 and Eq. 4 are then imposed at ¢ = 0 and
t = (NO — 1)a so that the temporal and spatial extents of the lattice are

T=®m0—-1)a, Lj=Nt)a, .. (6)

Because of Eq. 6, care must be taken in choosing lattices for a continuum limit extrap-
olation at fixed T'/L.

2 Improvement

Apart from bulk improvement terms, additional boundary improvement terms must
be added to the action to ensure that correlation functions near the boundary are
O(a)-improved. Recall that our gauge action is defined as [2]

1
o= =3 S w1 —UE)}, (7)

2
90 1= CESy,

where Sy and S are the sets of oriented plaquette and double-plaquette loops (respec-
tively) and U(C) is the product of links around loop C.

Boundary improvement for this action has been examined in Ref. [3]. For the
weights wy(C) we shall use Choice B of Ref. [3], where

02G C has exactly one link on a boundary (8)

L all links in C are on a boundary
wo(C) =
1, otherwise

wl(C) -

3 C has exactly two links on a boundary

{; all links in C are on a boundary
3
bl
1, otherwise.

This choice enables the lattice background field to be expressed analytically. Note
that loops that are entirely on the boundaries simply add an irrelevant constant to
the action. Also, it should be noted that the choice ¢ = 1 implements boundary
improvement at tree level, regardless of the cg.

In the fermion sector, the single boundary improvement term required for the
Schrodinger functional has the same form as the one for open boundary conditions
so the required improvement coefficient (c¢p) has the same meaning. Therefore, as with
open boundary conditions, two boundary improvement coefficients must be specified,
cr and cg.

3 Implementation

The main program for performing a Schrodinger functional simulation is main/qcd2.c,
which takes main/qcd2.in as input. More details can be found in main/READVME. qcd?2.
The input file main/qcd2.in is very similar to main/qcdl.in, differing only by an
additional input parameter group



[Boundary values]
phi 0.0 0.0
phi’ 0.0 0.0

where phi and phi’ are read as arrays of type double and length two. In both cases
the two elements are taken as the first two diagonal elements of C}, and C}, from Eq. 1
while the third element is obtained from the condition in Eq. 3.

As discussed above, the fermionic boundary improvement coefficient, which is given
by cF in the [Lattice parameters] input parameter group, has the same meaning
in both SF and open boundary conditions. However, the gauge improvement coeffi-
cient (cG) has a different meaning in SF and open boundary conditions. In the qcd2
executable, this coefficient is defined as in Eq. 8.
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